Introduction
In many applications we need to solve boundary-value problems (BVPs) in non-uniform, strip-like domains. Prominent examples are the propagation of surface gravity waves or sound waves in near shore sea environments, acoustic waves in non-uniform ducts, electromagnetic waves in curved or varying cross-section microwave and optical waveguides, etc. In many such cases, the domain filled by the medium, denoted by D η h , is contained between a lower boundary Γ h : z = −h(x) and an upper boundary Γ η : z = η(x), 1 where x = (x 1 , x 2 ) denote the horizontal coordinates and z is the vertical (transverse) coordinate. The domain D η h may be laterally unbounded, semi-bounded, as in figure 1, or completely bounded. Very often, in these problems, the horizontal extent is much larger than the depth, and the domain contains a large number of wavelengths, which makes the implementation of direct numerical simulation (e.g. three-dimensional finite-element method) very demanding and sometimes practically impossible. On the other hand, if the domain is a uniform strip, then usually the method of separation of variables provides us with an analytical or semi-analytical solution in the form of eigenfunctions expansions. This solution technique has been extended to domains with slowly varying boundaries in the context of various coupled-mode theories (CMTs), by approximating the unknown field Φ(x, z) as a local-mode series expansion of the form Φ(x, z) = n ϕ n (x)Z n (z; x), (1.1) where Z n are known functions and ϕ n are unknown modal amplitudes. As a rule, the vertical functions Z n are constructed by means of a localized version of the transverse (vertical) SturmLiouville problem, obtained by separation of variables in a uniform strip adapted to the interval −h(x) ≤ z ≤ η(x) (the reference waveguide at x [1, Sec. 7 .1]). Using equation (1.1) , it is possible to approximately reduce the wave propagation problem in D η h to a coupled-mode system of horizontal differential equations, implementing a dimension reduction of the initial problem. The CMT offers a promising solution method in cases where a small number of modes provides a satisfactory approximation to the unknown field Φ(x, z).
The origin of the CMT goes back to early 1950 s, first appearing in connection with electromagnetic [2] and acoustic [3] waveguides of varying cross sections (horns). Since then, the CMT has been applied to the study of almost all types of elongated waveguides 2 : microwave and optical waveguides (sometimes under the name generalized telegraphist's equations) [4] [5] [6] ; duct acoustics (horns) [7] [8] [9] ; duct acoustics with mean flow [10] ; elastic waveguides [11] [12] [13] ; hydroacoustics [1, Sec. 7 .1], [14] [15] [16] [17] ; seismology and geophysics [18, 19] ; water waves [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] ; hydroelasticity [26] .
The local vertical eigenfunctions Z n , as obtained by the reference waveguide, satisfy boundary conditions which, in general, are incompatible with the boundary conditions of the field Φ(x, z). As a result, the series representation (1.1) is not able to reproduce correctly the boundary 1 We shall often be using the terminology seabed (or bottom) for the lower boundary, and free surface for the upper boundary, corresponding to the case where D η h is an oceanic environment, although the method and the results presented herein can be used in other applications as well.
behaviour of Φ(x, z) on z = −h(x) and z = η(x), except for the cases of a Dirichlet condition and a homogeneous Neumann condition at horizontal boundaries. For this reason, the classical CMTs are considered as mild-slope approximations. This deficiency is well known and various remedies have been proposed in the literature. Many authors have tried to avoid the problem by replacing the smoothly varying, non-planar boundary by a piecewise planar (staircase) boundary; see e.g. [32, 33] for applications to acoustic problems [34, 35] for water-wave problems, and [36] for electromagnetic waveguides. This method may provide satisfactory solutions, at points far from the changed boundary, for two-dimensional and axisymmetric geometries, but it is inappropriate for fully three-dimensional environments and for complicated boundary conditions. Rutherford & Hawker [37] used perturbation theory to construct a first-order (with respect to the slop ∇ x h) correction δZ n to each vertical function Z n , in the context of hydroacoustics. In the late 1990s, Athanassoulis & Belibassakis, in the context of water-wave theory [22] [23] [24] , proposed another solution of this problem, by introducing additional modes in the series expansion (1.1). This approach, initially introduced in a heuristic, ad hoc way, turned to be very efficient. The enhanced series expansion exhibits a faster convergence rate (O(n −4 ) instead of O(n −2 )), and its use permitted satisfactory numerical solutions to problems concerning waveguides with strongly varying boundaries to be obtained. The CMT arising by using the enhanced coupled-mode series, called consistent coupled-mode theory (CCMT) by its inventors, developed further by the same and other authors; see [8, 9, 26, [38] [39] [40] . Although the enhanced modal expansion has been extensively used for more than 15 years, the mathematical reasons of its success are not well understood. This paper is mainly devoted to the study of mathematical aspects related to the following two questions: The answer to question Q1 is yes, provided that the field Φ and the boundaries Γ h , Γ η are smooth, and the series expansion includes all eigenfunctions of the reference waveguide (SturmLiouville problem), say {Z n , n ≥ 0}, plus two additional modes, Z −2 , Z −1 , appropriately defined so that to remove any restrictions of the series on the boundaries Γ η and Γ h (theorem 2.2, in §2). Special cases of this result have been proved in [26, 38] . Question Q2 is considered here for the first time. The answer is that the termwise differentiated series are convergent to the corresponding derivatives of the field Φ under additional smoothness assumptions (theorem 4.4 , in §4).
These results establish theoretically the validity of the semi-separation of variables in nonseparable geometries (strip-like domains with non-planar boundaries), and ensure that the CCMT provides an exact reformulation of BVPs in these geometries. The numerical performance of the proposed method is also addressed in this paper ( §5), by studying simple benchmark problems with known analytical solutions. An interesting by-product of the present solution method is the highly accurate computation of a Dirichlet-to-Neumann (DtN) operator which is of fundamental importance for solving fully nonlinear water-wave problems.
Recalling that the set of eigenfunctions {Z n , n ≥ 0} of the local vertical Sturm-Liouville problem (reference waveguide) is an L 2 -basis in the vertical interval (−h,η), the addition of two more elements, Z −2 , Z −1 , raises the question of linear independence. To answer this question correctly, it is essential to pose it in the appropriate function space: the system {Z −2 , Z −1 , Z n , n ≥ 0} is not linearly independent in the space L 2 (−h, η), but it is linearly independent in the Sobolev space H 2 (−h, η), which is the appropriate space for problems in which the trace of the first derivative on the boundaries should be well defined. Such kind of questions have also been discussed, in
conjunction with the application of variational methods to some simple problems, by Storch & Strang [41] ; see also [42] .
The structure of the remaining part of this paper is as follows. In §2 we show that the enhanced local-mode series converges rapidly in D η h , independently of the shape of the (smooth) boundaries Γ η and Γ h , and the boundary behaviour of the (smooth) field Φ. In §3 we derive analytical expressions for the first and second derivatives ∂ x i Z n , ∂ 2 x i Z n , i = 1,2, of the vertical functions, and obtain estimates of these quantities with respect to n (as n → ∞). These results are used, in §4, to derive a priori decay rates for the derivatives of the modal amplitudes, ∂ x i ϕ n and ∂ 2 x i ϕ n , with respect to n, which are then exploited to prove that the enhanced local-mode series can be differentiated term-by-term twice, under appropriate smoothness assumptions. In §5a we apply the proposed semi-separation of variables to the numerical solution of specific BVPs for the Laplace equation, with non-flat upper boundary. By selecting cases for which analytical solutions are known, we show that the first few modes converge to their exact values as N −6.5 tot , and this rate gradually deteriorates to N −3.5 tot for the last retained mode, where N tot is the total number of modes considered in the truncated expansion. As a result, the field Φ converges to its exact value as N −3.5 tot , while the corresponding DtN operator, which is expressed in terms of ϕ −2 and the data of the problem, inherits the 'superconvergence' rate N − 6.5 tot . This fact is expected to be of great value for solving fully nonlinear water-wave problems, since only the DtN operator (and not the whole field Φ) is involved in the corresponding nonlinear evolution equations [30, 43] . Extensions of the results obtained in this paper to more general reference waveguides are discussed in §6. Various technical issues and extended calculations are given in detail in five appendices, in the electronic supplementary material.
Series expansion of a smooth function defined throughout a strip with nonplanar boundaries
Consider, for definiteness, the non-planar, semi-infinite, strip-like domain
where X = {x = (x 1 , x 2 ) ∈ R 2 : x 1 ≥ a} is the common projection of the boundary surfaces Γ h and Γ η on the x = (x 1 , x 2 ) plane. The lateral vertical boundary at x 1 = a is denoted by S a , and the remaining, infinite, part of the lateral boundary is denoted by S ∞ ; see figure 1. The local depth (height) of the non-uniform strip is denoted by H(x), and we assume that
For later use we also define the subdomains D 
Smoothness conditions on the field Φ and the boundaries Γ h , Γ η will be introduced subsequently. In this section we shall prove that Φ can be expanded in a rapidly convergent series of the form
where Z n , n ≥ 0 are the eigenfunctions of a reference waveguide, and the additional functions Z −2 , Z −1 are appropriately selected boundary modes. 
where Q, µ 0 are real constants. All the results obtained in this section remain valid for the fairly general Sturm-Liouville problem with Q = Q(x, z) and general, first-order boundary operators; see remark 2. 5 . 4 In the present work, the eigenfunctions Z n (z) are normalized so that
From the general theory of Sturm-Liouville problems we recall the following facts, which are needed in the proof of the convergence of the series expansion (2.2): (i) the system of eigenfunctions {Zn(z), n ≥ 0} forms an orthogonal basis of the space of functions L 2 (−h, η), and (ii) for large values of n, the quantities k n , Z n (z) and Z n L 2 exhibit the following asymptotic behaviour:
Asymptotic results (2.5) are classical and can be found in various books; see [44, ch. 1] , [45, Ch. 10] . It is worth noting that the leading-order asymptotic terms, shown in equation (2.5), are not dependent on Q; they are only dependent on the boundary functions η = η(x) and h = h(x), revealing the critical role played by the latter on the asymptotics and, through them, on the rate of convergence of the expansion (2.2), as we shall see in the sequel.
The boundary modes Z −2 (associated with Γ η ) and Z −1 (associated with Γ h ) are defined so that the enhanced series expansion (2.2) is able to recover directly the values of B η Φ = 0 and B h Φ = 0 (compare with equations (2.3b) and (2.3c)). Thus, the only essential conditions they have to satisfy are B η Z −2 = 0 and B h Z −1 = 0. In this connection, Z −2 and Z −1 are selected to be smooth functions satisfying the following boundary conditions
where the constant h 0 (reference depth) is introduced for dimensional consistency. variable z). 5 Then, we easily find 
which ensures that the boundary values of the vertical derivatives
∂ m z F ( x , z , t ), at z = η, −h, are well-defined and bounded for 0 ≤ m ≤ k − 1.
Theorem 2.2. (The fundamental expansion theorem). Assume that Φ(x, ·) satisfies a local VSC (k = 2; x). Then, the quantities
and
are well-defined, and
, and the modal amplitudes ϕ n (x), n ≥ 0, are expressed by the equations
(ii) The modal amplitudes satisfy the following local asymptotic estimate (with respect to n)
The latter estimate cannot be improved further under the present choice of the boundary modes Z −2 , Z −1 .
Proof. The modal amplitudes ϕ −2 and ϕ −1 are well-defined since Φ(x, ·) ∈ H 2 (−h, η). Accordingly, Φ*(x, z) is also well-defined. (i) Applying the boundary operators B η and B h to both members of equation (2.9c ) and taking into account the boundary conditions of Z −2 and Z −1 , equations (2.6), (2.7), we readily find that B h Φ* = 0 and B η Φ* = 0. Thus, Φ*(x, z), as a function of the vertical coordinate z, satisfies the same boundary conditions as the eigenfunctions Z n (z), n ≥ 0, of the regular Sturm-Liouville problem (2.3). As a consequence, the L 2 -series expansion Φ * (x, z) = n=∞ n=0 ϕ n (x)Z n (z) is also uniformly convergent (see theorem 4.1, p. 197 , of [47] ). Equation (2.9d) is a direct consequence of the orthogonality of the vertical eigenfunctions. Substituting the series expansion of Φ* in equation (2.9c), and solving for Φ(x, z), we obtain the series expansion (2.2), having already established its uniform convergence.
(ii) We proceed now to prove the estimate (2.10). Using equation (2.3a), we reformulate equation
where 13) in view of the estimate (2.5a). Under the assumption Φ * (x, ·) ∈ H 2 (−h, η ), it is legitimate to perform two integrations by parts in equation (2.12), obtaining
14)
The boundary terms in the parenthesis, in the right-hand side of equation (2.14), cancel out since 15) and the estimate (2.10) follows after a straightforward application of Cauchy-Swartz inequality in conjunction with the estimates (2.5) and (2.13).
(iii) In equation (2.15) we substitute Z n , in the integrand, by k
Under the assumption Φ * (x, ·) ∈ H 4 (− h , η ), it is legitimate to perform two more integrations by parts, obtaining
The boundary terms in the parentheses are all bounded (Z n (η) = 1 due to equation (2.4 
Further, the integral is also bounded as can be seen by applying the Cauchy-Swartz inequality. Hence, equation (2.17) , in conjunction with the estimates (2.5a) and (2.13), leads to the estimate (2.11).
Note that this estimate cannot be improved further because of the presence of the boundary terms in the right-hand side of equation (2.17). These boundary terms cannot be zero, as far as 
In all the above statementsX part can be replaced by X, if the assumptions hold true globally in X. 
under the assumption that μ 0 (x), v 0 (x) and Q(x, z) are continuous functions of x, and Q(x, z) is sufficiently smooth with respect to z. The proof of theorem 2.2 in that case requires additionally the estimation of the z-derivatives of Q * n = Q * n (x, z) and, thus, becomes more technical. Remark 2.6. The validity of theorem 2.2 and its corollary is not affected by the choice of boundary modes Z −2 , Z −1 as far as the conditions (2.6) and (2.7) hold true.
Remark 2.7. By the procedure described in this section, we have constructed a Riesz basis of the Sobolev space H 2 (−h, η). In fact, it can be proved that, if the system {Z n , n ≥ 0} is an orthonormal basis of L 2 (−h, η), then, the system {Z −2 , Z −1 , Z n /k 2 n , n ≥ 0} is a Riesz basis of H 2 (−h, η). A direct proof of this result will be published elsewhere.
The x-derivatives of the vertical eigensystem
In order to study the x-differentiability properties of the infinite series expansion (2.2), we need to calculate the x-derivatives of the vertical eigenfunctions Z n (z; x) = Z n (z; η(x), h(x)), and determine their asymptotic behaviour for large values of n. Since In order to keep the presentation as simple as possible without essential loss of generality, we shall proceed by considering the Sturm-Liouville problem (2.3) with Q = 0. 6 On physical grounds, this problem will be referred to as the water-wave reference waveguide. For any x, the eigenvalues k n = k n (η, h) = k n (H), n ≥ 0 (also called local wave numbers) are given as the roots of the transcendental equations
The corresponding eigenfunctions Z n , normalized so that [Z n ] z = η = 1, are given by the formulae
The above eigensystem has been used in several coupled-mode methods in the context of linear water waves [20, 21, 23] , that is when the upper surface of the strip-like domain is flat, η = 0. The case studied herein corresponds to a general upper surface z = η(x), as is appropriate for nonlinear water waves; see [28, 30] . Special attention should be paid to the implicit dependence of Z n (z; η,h) on (η,h) that comes through the definition of k n (H), equations (3.2) . From now on we shall assume that the boundary functions η and h belong to C 2 (X part ). Then, all order estimates derived below hold true uniformly inX part .
Proposition 3.1. For n ≥ 1 the first and second derivatives of k n (H) are given by the following equations, and exhibit the asymptotic behaviour indicated therein:
Further, by the chain rule we obtain
Proof. The first equalities in equations (3.4) and (3.5) are obtained from equation (3.2b ) by applying the implicit function theorem. The estimates appearing in the rightmost member of equations (3.4), (3.5) are obtained by invoking the estimate k n = O(n), equation (2.5a). Detailed calculations can be found in appendix A(a) of the electronic supplementary material.
In order to proceed with the x-derivatives of Z n = Z n (z; η(x), h(x)), it is useful to introduce the auxiliary function
which satisfies the same differential equation as Z n , namely ∂ 2 z W n = −k 2 n W n .
Proposition 3.2. The x-derivatives of Z n (x,z), n ≥ 1, x ∈X part , are given by the following equations, and their asymptotic behaviour with respect to n, as n → ∞, is as indicated therein:
Proof. The starting point for the derivation of the above equations is the formula (3.1). Derivatives ∂ η Z n and ∂ h Z n are calculated directly by using equations (3.2b), (3.3b), (3.6)-(3.8). Details are given in appendix A(b) of the electronic supplementary material. The estimates in the rightmost members of equations (3.9), (3.10) are derived by applying the estimates given in proposition 3.1, and their consequences given in lemma A1, in appendix A(b) of the electronic supplementary material, where all the relevant details are included. 
Decay rates of derivatives of the modal amplitudes, and termwise differentiability of the series expansion
To establish the termwise differentiability of the coupled-mode series (2.2), corresponding to the water-wave reference waveguide, we shall estimate the decay rates of the differentiated terms.
Consider, for example, the terms T
, obtained after differentiating, with respect to x i , the general term T n = ϕ n Z n of the series (2.2) once or twice, respectively:
The results obtained in §2, for ϕ n , and in §3, for ∂ x i Z n and ∂ 2 x i Z n , permit us to directly estimate the decay rates of ϕ n ∂ x i Z n and ϕ n ∂ 2 x i Z n , appearing in the right-hand sides of equations (4.1) and (4.2). To estimate the rates of the remaining terms, we need estimates of the derivatives ∂ x i ϕ n and ∂ 2
x i ϕ n of the modal amplitudes. Such estimates will be derived in this section by exploiting the representation (2.17) of ϕ n . equation (2.17) with Q * n = 1 is rewritten here in the form
where
L 2 , and
with Φ* given by equation (2.9c). Clearly, we need estimates of the quantities γ n (x), k
n (x), λ n (x) and Z n (−h), and their x-derivatives.
Lemma 4.1. Assume that η and h belong to C 2 (X part ). Then, the following estimates hold true uniformly inX
Proof. See appendix B(a) of the electronic supplementary material.
The following lemma provides estimates for integrals involved in the definition of λ n (x) and its derivatives
Lemma 4.2. Let F be a function defined onD
η h (X), and assume that F(x, ·) satisfies the local VSC(k = 2; x). Then, locally at x, we have
Further, if F(x, ·) satisfies the uniform VSC (k = 2;X part ), then, the estimates (4.8) and (4.9) are uniformly valid inX part .
Proof. Assertions (i) and (ii) follow easily by using equations
z W n , performing two integrations by parts (permitted by the local VSC(k = 2; x)), and estimating the arising terms. The main idea for proving assertions (iii) and (iv) is to express ∂ x i Z n and ∂ 2 x i Z n as linear combinations of Z n and W n , using equations (3.9) and (3.10), and then estimate the arising terms by exploiting assertions (i) and (ii), equation (2.5a ), and proposition 3.1 together with its consequence given in lemma A1. The details of the above procedure are presented in appendix B(b) of the electronic supplementary material. 
Lemma 4.3. If the field Φ(x, ·) and its derivatives ∂ x i Φ(x, ·) and ∂ 2 x i Φ(x, ·) satisfy the uniform VSC
If the smoothness assumptions hold on X, thenX part can be replaced by X in all statements of the theorem.
Corollary 4.5.
Under the assumptions stated in theorem 4.4 
Application to an elliptic boundary-value problem
In this section, we apply the exact semi-separation of variables (2.2) to the solution of the following elliptic BVP in a strip-like domain D η h (X):
and periodic lateral-boundary conditions. As it is shown in appendix C(a) of the electronic supplementary material, using the exact expansion Φ = ∞ n=−2 ϕ n (x) Z n (z; η(x), h(x)) in conjunction with a variational formulation of problem (5.1), we obtain the following equivalent consistent 7 coupled-mode system (CCMS): The x-dependent coefficients A mn , B mn , C mn are given by the formulae
where N h = (−∇ x h, −1) is the outward (with respect to D η h ) normal (but not normalized to have unit length) vector on the lower boundary Γ h . Since the series representation (2.2) is not subjected to any restriction concerning the behaviour of Φ (apart from smoothness requirements), the above reformulation remains valid for any type of lateral conditions; see appendix C(a,c) of the electronic supplementary material. For computing a numerical solution, we choose the total number of modes N tot = M + 3 to be retained 8 in the expansion (2.2), truncating the modal sequence to {ϕ n (x)} M n=−2 . These ϕ n (x) are calculated by using the first N tot − 1 partial differential equations (PDEs) (5.2a), together with the linear algebraic constraint (5.2b). 9 The obtained system is discretized via a finite-difference (FD) method (here we use fourth-order central FD), leading to a square, sparse, linear algebraic system, which is solved numerically.
In order to illustrate the convergence and the accuracy of the present approach, we consider the one dimensional version of problem (5.1) (∇ x ≡ (∂ x , 0)) in the laterally periodic case,
In particular, we investigate numerically two examples, introduced by Nicholls & Reitich [48] , for which analytical solutions are known. Consider {f r (x)} = f r (π ) = 1. Following [48] , we call the surfaces of the first family smooth (η ∈ C ∞ (R)), and the ones of the second family rough (η ∈ C 4 (R)). Computations presented below correspond to κ = 1, h 0 = 1 and various values of the deformation parameter ε, ranging from ε = 0.1 (mildly deformed domains) to ε = 0.9 (strongly deformed domains); see figure 2. For the construction of the vertical basis functions Z n , we take μ 0 = κ tanh(κh 0 ). The x-discretization is performed by using a uniform grid of 256 points.
(a) Convergence of the numerical solution to the exact solution As a first test, system (5.2) is truncated at a large number of modes N tot = 70, and solved numerically, in order to investigate the asymptotic behaviour of numerically computed ϕ n , ∂ x ϕ n , ∂ 2 x ϕ n , for large values of n. Results on the uniform
for both the smooth and rough cases, and three values of the deformation parameter, ε = 0.1, 0.5, 0.9, are shown in figure 3 . In both cases, the theoretical rate of decay, ϕ n C 2 (X) = O(n −4 ) (proved in theorems 2.2 and 4.4), is accurately reproduced by the numerical solution. Most importantly, it is observed that the decay of the first few ϕ n is in fact exponential. This phenomenon is an inherent, generic feature of the present method, appearing consistently in all geometric configurations. Although a theoretical proof is lacking, it is reasonable to assume that this 'superconvergence' plays an essential role in the efficiency of the present method.
The next and more important test concerns the convergence rate and the accuracy of the numerical solution of the whole field Φ with respect to the order of truncation N tot . Numerical results on the L 2 relative error ER (N tot 
M denotes the order of the last mode retained in the truncated version of expansion (2.2). 9 Other truncation strategies are possible and will be discussed elsewhere. is the exact solution of the studied problem) have been obtained for ε = 0.1(0.2)0.9, by using N tot = 3, . . . ,70, and are shown in figure 4 . In all cases, the rate of decay of the error is at worst proportional to N −3.5 tot , for all values of the deformation parameter ε. This rate of convergence of the solution field is reported in several other circumstances (PDEs, boundary conditions) where enhanced eigenfunctions expansions are used [8, 9, 39, 40] .
In order to gain more insight on this rate of convergence, we also consider the modal amplitudes {ϕ 
Results for the first few modal amplitudes, indexed by n = −2, 0, 1, 2, and for the two last ones, ϕ Last ≡ ϕ M = ϕ N tot −2 and ϕ Last−1 ≡ ϕ M−1 = ϕ N tot −3 , are shown in figure 5 . Surprisingly, it is observed that the error of the mode ϕ −2 and the first few ϕ n , n = 0, 1, 2, decays at a much faster 10 rate, namely as N − 6.5 tot . This decay rate persists for most of 10 In comparison with the decay rate of the error of the whole solution, the modal amplitudes, up to the last few ones (three to four), for which the error decay gradually decelerates to N −3.5 tot . The later rate dominates the rate of decay of the error for the whole solution Φ, as shown in figure 4 . This behaviour can be attributed to the truncation strategy applied to equations (5.2), and deserves further investigation. It can be anticipated that, by optimizing the truncation strategy, the rate of decay of the error for the whole solution would be improved up to N −6.5 tot . In the next subsection, we shall study another interesting problem, exploiting the superconvergence of the modal amplitude ϕ −2 .
(b) Computation of the Dirichlet-to-Neumann operator corresponding to equation (5.1) In various applications it is necessary to calculate the DtN operator associated with the BVP (5.1). Given η, h and ψ, the DtN operator is defined by the relation where Φ is the solution of equation (5.1). This operator plays a fundamental role in the nonlinear water-wave problem, where η is the free-surface elevation, h is the seabed profile, and Φ is the velocity potential in the fluid domain D η h (X), having ψ as trace on the free surface. In fact, the Hamiltonian evolution equations of this problem are formulated in terms of the DtN operator as follows (e.g. [43, 49, 50] )
Exploiting the exact semi-separation of variables (2.2), it can be shown that the DtN operator (5.4) is expressed by the following simple formulae, in terms of the data η, ψ and the single modal amplitude ϕ −2 : 
Discussion and conclusion
In this paper we have established the validity of the exact semi-separation of variables, equation (2.2) , throughout any strip-like domain with smooth, non-planar boundaries, and any sufficiently smooth field Φ. The set of transverse (vertical) basis functions {Z n , n ≥ −2} consists of a local L 2 -basis {Z n , n ≥ 0} augmented by two additional modes, making it an H 2 -basis. The convergence properties of the series expansion are not affected by the shape (slope, mean level, amplitude variation) of the boundaries, assuming they remain smooth. No boundary conditions are imposed a priori on the function-to-be-expanded. The traces of Φ and its first derivatives ∂ α Φ, α ∈ {x 1 , x 2 , z}, on the boundary ∂ D where ρ(x, z), σ 2 (x, z), µ j (x), v j (x), j = 0,1 are sufficiently smooth functions. In these applications the L 2 -sub-basis {Z n , n ≥ 0} may be constructed by the eigenfunctions of the reference waveguide, making the CCMTs exact generalizations of the usual normal-mode solutions to the case of irregular strip-like domains. In this way, a great deal of the physical structure carried by normal modes is retained and, at the same time, the modifications of the field due to the boundary deformations are correctly taken into account. It is important to stress here that the semi-separation of variables, equation (2.2) , and the implied CCMT is not a perturbative approach. The truncation used in implementing numerical solution schemes is realized by ignoring terms (of the expansion (2.2)) which are consistently small, of orders O(n −4 ), independently of how much the boundaries differ from the planar ones. Thus, even the finite-dimensional approximations obtained by a CCMT are not perturbative, as regards the boundary shape. This feature distinguishes CCMT from various other methods which are based on perturbation expansions and, thus, become inefficient and eventually divergent for high values of the slope or amplitude of the boundary deformation. Besides, the present approach realizes a dimension reduction of the problem, providing results having accuracy and stability comparable with those of direct numerical methods, being much lighter computationally. The results presented in this paper lead to the conclusion that the exact semi-separation of variables, proposed herein, comprises a stable and efficient alternative to perturbative and direct numerical methods for the solution of boundary value problems in general strip-like domains. The proposed method retains the efficiency of the perturbative methods and the accuracy of the direct ones, exhibiting a striking superconvergence as regards the computation of the corresponding DtN operators.
Data accessibility. This paper is theoretical and includes in the text all necessary data and equations to support the results presented. No experimental data has been used in this work.
